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Abstract 

We consider a class of (possibly nondiagonalizable) pseudo-Hermitian 
operators with discrete spectrum, showing that in no case (unless they are 
diagonalizable and have a real spectrum) they are Hermitian with respect 
to a semidefinite inner product, and that the pseudo-Hermiticity property 
is equivalent to the existence of an antilinear involutory symmetry. More- 
over, we show that a typical degeneracy of the real eigenvalues (which 
reduces to the well known Kramers degeneracy in the Hermitian case) oc- 
curs whenever a fermionic (possibly nondiagonalizable) pseudo-Hermitian 
Hamiltonian admits an antilinear symmetry like the time-reversal opera- 
tor T. Some consequences and applications are briefly discussed. 
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1 Introduction 

Nou Hermitian Hamiltonians play by now a relevant ròle in physics, in that they 
appear in several completely different problems 0] . Among them, a remarkable 
subclass is given by the pseudo-Hermitian operators i.e., those operators 
which satisfy 

rjHr]- 1 = Hï (1) 

with rj = [instead, whenever (1) holds without any constraint on the (linear 
and invertible) operator rj, H is called weakly pseudo-Hermitian S]. Of course, 
Hermiticity is a particular case of pseudo-Hcrmiticity, corresponding to rj = 1 . 
Pseudo-Hermiticity also represents the mathematical background of a recent 
proposal on a complex extension of Quantum Mechanics [Q, |5|. 

The essential feature of the pseudo-Hermitian operators is the peculiarity 
of their spectrum, which can be constituted by real as well as complex (but 
grouped in complex-conjugate pairs) eigenvalues fi E§. This property, originally 
stated with reference to diagonalizable operators with discrete spectrum, has 
been recently extended to a class of nondiagonalizable Hamiltonians 0. Such 
Hamiltonians can arise, for instance, for some critical parameter vàlues, when- 
ever a physical system undergoes a perturbation which preserves the pseudo- 
Hermiticity, but not the diagonalizability, of its Hamiltonian. An example of 
such a situation is shown in Sec. 5 . 
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The aim of this paper is just to carry on a systematic and deep study on 
nondiagonalizable pseudo-Hermitian operators. 

To this end, we recali (and partly refine) in Sec. 2 the bàsic results on this 
subject. Next, we inquire in Sec. 3 into the dehniteness or the indefiniteness of 
the mètric induced by rj , concluding that for any pseudo-Hermitian operator H 
with discrete spectrum, the mètric is always indefinite unless H is diagonalizable 
with real spectrum. This result disproves a recently stated theorem on the 
subject 0. 

Successively, in Sec. 4, we take into account another characteristic feature 
of the pseudo-Hcrmiticity property, i.e., its connection with the existence of 
antilincar symmetries, which has been already enlightened in the case of di- 
agonalizable operators [|[ |^], showing that such connection holds also for the 
nondiagonalizable case. Sec. 5 is devoted to a discussion on the time-reversal 
invariance of fermionic Hamiltonians, extending a result on the (generalized) 
Kramers degeneracy that we have already proven for diagonalizable operators 
[§. Finally, some concluding remarks and possible applications of the previous 
results are briefly presented in Sec. 6. 

2 The spectrum of nondiagonalizable pseudo- 
Hermitian operators 

According to |?j we consider here only linear operators H acting in a separa- 
ble Hilbert space Sj and having discrete spectrum. Moreover, throughout this 
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paper we shall assume that all the eigenvalues E n of H have finite algebraic 
multiplicity g n and that there is a basis of in wl·iich H is block-diagonal 
with finite-dimensional diagonal blocks. Then, a complete biorthonormal basis 
(£ = {\4> n , a,i) , \4> n , a, i)} exists such that the operator H can be written in the 
following form H: 

d n P™>" Pm,a — 1 

= ^^(£ , n ^|V>„,a,«)(0 nl a,Í| + \^n^,i) ((f> n ,a,i + l\) (2) 

n a—1 i—1 i—1 

where d n denotes the geomètric multiplicity (i.e., the degree of degeneracy) of 
E n , a is a degeneracy label and p n , a represents the dimension of the simple 
Jordan block J a (E n ) associated with the labels n and a (hence, ^2 a =iPn,a = 
g n ). Furthcrmore, we denote by k(n,a) the total number of identical simple 
blocks J a (En) oceurring in the above decomposition of H. 

Hcnce, \tp n ,a, 1) (respectively, n ,et,p„ ja )) is an eigenvector of H (respec- 
tively, ií f ): 

H \ip n ,a, 1) = E n \ijj n a,l) , íZ" f \(j) n , a,p„, ) = E* \<f> n a,p n , a ) , (3) 



and the following relations hold: 



H\ip n ,a,i) = E n \ip n ,a,i) + \%l) n ,a,i-l), i ^ 1, (4) 
Ht \(p„,a,i) = E* n \<j) n , a, i) + \cj> n , a,i + l) , i ^ p n<a . (5) 
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The elements of the biorthonormal basis obey the usual relations: 

(i/j m ,a,i\(f) n ,b, j) = 8 mn S ab 5ij, (6) 

l^n' a '*) (0n>M = l^n,a,i) (ip n ,a,i\ = 1. (7) 

n a— 1 i— 1 n a— 1 i— 1 

The following theorem has been proven in H : 

Theorem 1. Leí H be a linear operator acting in a Hilbert space $j. Suppose 
thai the spectrum of H is discrete, thai its eigenvalues have finite algebraic 
multiplicity, and thai (2) holds. Then, the following conditions are equivalent: 

i) the eigenvalues of H are either real or come in complex- conjugate pairs 
and the geomètric multiplicity and the Jordan dimensions of the complex- conjugate 
eigenvalues coincide; 

ii) H is pseudo-Hermitian. 

In order to fix our notation, and for the benefit of the reader, we prefer to 
provide here a (somewhat different) proof of the implication i) ii), which 
allows us to obtain a useful decomposition of rj. 

Let us therefore assume that condition i) holds, and use (whenever it is 
necessary) the subscript "o" to denote real eigenvalues, and the subscripts "±" 
to denote the complex eigenvalues with positive or negative imaginary part, 
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respectively. Then, H assumes the following form (see Eq. (2)): 



d no Pn , 



H 



EE( £i, »EI^«' a,i )(^»' a ' i l + E k ,m)« ) ,m+i|) + 

no a—1 i—1 i—l 

d„ + p„ + , a 

E ElE^'H ^n+^^ï) (<?W><M| + E n- 1p n _ , <m) , d, i ) + 



n_l_,n_ a—1 i=l 
P„ + ,a-l 

X (|^„ + :a,^ (</>„+, a,í + l| + ?A„_,a,ï) (0„_,a,i+ 1 )]• (8) 
»=i 

Furthermore, given any complete orthonormal basis # = {\u n ,a,í)} in our 
space (that we denote by the same n, a, i labels used for the elements of <£ ), lct 
us pose 



Uní ^| ) 



EI 

n a—1 i—1 

and ií = S^HS^ _1 . By a straightforward calculation one obtains 



(9) 



«Tlg PriQ,a PriQ,a 1 

íf = ^2^2(E no ^ \u no ,a,i) (u no ,a,i\+ ^ l u «o, a > «) ( u n , a,i + 1|) + 

no a—1 i—1 i—1 

d„ + p„ + , a 

X Et E \ u n+,a,i) (u n+ ,a,i\ +E n+ \u n _,a,i) (u n _,a,i\) + 

n+,n_ a—1 i—1 
P»+..-l 

X (|w„ + ,<M) (m„ + ,o,í + 1| + |u„_,a,i) (u n _,a,i + l|)]. (10) 
»=i 



Then, let us consider the involutory operators U and V defined respectively 



as follows: 



U\u n± ,a,i) = \u n ,a,i), U\u no ,a,i) = \u no ,a,i) , (11) 



and 



V\u n ,a,i) = \u n ,a,p nta + l-i). (12) 
The explícit forms of U and V are: 



U = U1= y~] \u no ,a, i) (u no ,a, i\+ (\u n _,a,i) (u n+ ,a,i\ + \u n+ ,a, i) (u n 

n ,a,i n+.n- .a.i 

(13) 

and 



V = V1= ^ \ u n ,a,Pn„,a + 1 - i) (u n „,a,i\ + 
ria,a,i 

^ (\u n+ ,a 1 p n+ia + 1 - i) (u n+ ,a,i\ + \u n _,a,p n _, a + 1 - i) (u n _,a,i\). 

(14) 

Moreover both U and V are clearly Hermitian operators, and (recalling that, 
by hypothesis, p n+ ,a=Pn-,a) 



UV = UV1 = \u na ,a,p nBta + l - í) (u no ,a,i\ + 

no a—1 i—1 

^2 X! X! (| M «+> a 'P«+,a + 1 _ *) ( U n-,a,i\ + \u n _,a,p n _ y a + 1 - i) (u n+ ,CL,i\) = VU. 
n+,n- a—1 i—1 

Thus, one can easily verify that H is a pseudo-Hermitian operator: 



where rj = UV. Hence, finally, 

rjHr]- 1 = íft 



where 



<Ín P»„,a 

ry = ^t = 5f/y5t = ^^ £ |0 no ,o,p nOlO + l-i)(0 no ,o,i| + 

no a—1 i—1 

d„ +P „ + , a 

X! X! X! ( 0n+> a >í>n + ,a + 1 - i) (^n-) )* 
n_l_,n_ a—1 i=l 

= rçt. (15) 



In conclusion we see that the spectrum of a pseudo-Hermitian operator is 
real if and only if U = 1 (hence, by Eq. (15), rj — SVS^), and that a pseudo- 
Hermitian operator is diagonalizable if and only if V = 1 (hence, again by Eq. 



_,a,p„ 
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(15), r] = SUS^). 
Remark. 

We stress here that in order to prové the implication ii) =>• i) only the 
invertibility of rj is needed, while the Hermiticity property 77 = rf does not 
come into play Qj. Hence, by the same arguments one can prové that even 
the spectrum of a weakly pseudo-Hermitian operator j^] [i.e., an operator which 
satisfies Eq.(l) without any constraint on the (linear and invertible) operator 77], 
satisfies condition i). On the other hand, the above proof shows that condition 
i) implies that an Hermitian operator 77 exists which fulnis Eq. (1). Thus, if we 
just consider operators having a discrete spectrum, the (possibly broader) class 
of weakly pseudo-Hermitian operators actually coincides with the one of pseudo- 
Hermitian operators. Nevertheless, we recali that the weak pseudo-Hcrmiticity 
is a more useful notion, in that, for instance, it simplifies checking Eq. (1). 

3 Nondiagonalizability and mètric indefinit eness 

We have seen in the previous section that an Hermitian operator 77 always exists 
such that a nondiagonalizable operator H (whose spectrum obeys condition i) 
in Theorem 1) is pseudo-Hermitian; moreover, it is well known that in this case 
one can define a new inner product 

:= (16) 
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and, correspondingly, a 77-pseudonorm ((-0, '0)) J) - Then, one may of course in- 
quire into the definiteness or the indefiniteness of the mètric induced by ((, )} rj . 

Eq. (15) in the previous section clearly shows that the mètric associated 
with such an 77 cannot be a definite (nor a semidefmite) operator; indeed, being 
f) involutory and non-identical (unlcss H is a diagonalizable operator with real 
spectrum), some of its eigenvalues (but not all) must be negative, hence the 
same happens (by the Sylvester's law of inertia E^j ) for the eigenvalues of the 
operator 77. This fact can suggest that in all cases of nondiagonalizable (or else, 
diagonalizable with complex spectrum) pseudo-Hermitian operators, the mètric 
must be indefinite; however, as Eq. (15) does not provide us the more general 
form of r\ , we must resort to some other argument in order to confirm this 
conjecture. 

Let us then consider the simplest 2x2 nondiagonalizable operator A : 



A 



E 



(E e R). 



By a straightforward calculation one can verify that A is pseudo-Hermitian and 
the more general operator r\ which fulfils Eq. (1) is 



k ' 



k k' 



(MO); 



/ 



moreover 77 = r] ' if and only if k, kl 6 R. The eigenvalues of 77 have with 
certainty opposite signs, and obviously the same happens for the ry-pseudonorm 
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of the corresponding eigenvectors; hence some state exists with a negative 77- 
pseudonorm, beside other states with a positive 77-pseudonorm. 

This simple example disproves a recently stated theorem according to which 
" (a nondiagonalizable operator) H is pseudo-Hermitian if and only if it is 
Hermitian with respect to a positive semi-definite inner product" @. 

Actually, the following theorem holds. 

Theorem 2. Let H be a rj-pseudo-Hermitian operator with discrete spec- 
trum. Then, the operator 77 is definite if and only if H is diagonalizable with 
real spectrum. 

Proof. Let H be a pseudo-Hermitian operator. We preliminarily observe 
that, being in any case 77 an invertible operator, all its eigenvalues must be 
different from zero, so that the mètric induced by the inner product (16) cithcr 
is definite or is indefinite. Now, let us suppose that a positive (respectively, 
negative) definite operator r\ exists which fulfils condition (1); then, an R exists 
such that 77 = R)R (respectively, 77 = —E)R) Q , and by Eq. (1) we obtain 

RHR- 1 = fít-i£ft_Rt = (RHR-y, 

i.e., RHR^ 1 is Hermitian, hence it is diagonalizable and it has a real spectrum. 
Since the similarity transformations preserve the properties of the spectrum, the 
same oceurs for H . Conversely, if H is diagonalizable with real spectrum, then 
by Eq. (15) in the previous section a positive definite mètric 77 = SS^ exists 
which fulfils condition (1) (since in this case U = V = 1 ) M 
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4 Nondiagonalizable operators and antilinear sym- 



metries 



A very intriguing feature of the pseudo-Hermiticity property is its connection 
with the existence of antilinear symmetries. This connection was already ac- 
knowledged to hold in the case of diagonalizable operators with discrete spec- 
trum [|| D ; indeed, the pseudo-Hermiticity property is a necessary and sufRcient 
condition for a (diagonalizable) operator H to admit an antilinear (involutory) 
symmetry || . Considering the great physical interest in the study of such sym- 
metries (we recali that the time-reversal symmetry is associated, in complex 
quantum mechanics, with an antilinear operator), we intend here to inquire the 
above-mentioned connection in the case of nondiagonalizable pseudo-Hermitian 
operators. To this end, let us premisc a dcfmition. 



Definition. 11 Given the complete orthonormal basis $ — {\u m ,a,i}} in 



a Hilbert space, we call conjugation associated with it the involutory antilinear 



6g = \u m ,a,i) K(u m ,a,i\, (17) 

where the operator K acts transforming each complex number on the right into 
its complex conjugate. 

Analogously, in the case of a complete biorthonormal basis (£ = n , a, i) , \<p n , a, 
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we call conjugation associated with it the involutory antilincar operator 



Then, the following theorem holds. 

Theorem 3. Let H be a linear operator. Suppose that the spectrum of H is 
discrete, that its eigenvalues have finite algebraic multiplicity and that (2) holds. 
Then the following conditions are equivalent: 

i) an antilinear invertible operator íí exists such that [H, Q] = 0; 

ii) H is (weakly) pseudo-Hermitian; 

iii) an antilinear involutory operator Çl exists such that [H, Q] = 0; 

iv) a basis exists in which H assumes a real form. 



Proof. i) => ii). Let fl exist such that [H, Í2] = 0. This implies that 
[H, Ú] = 0, where H = S* t ií5 t " 1 and tt = S ] VlS ] - 1 . Then, the linear operator 



(where $ is the orthonormal basis associated with H (see Eq. (10)), while V 
and 8y are defined as in Eqs.(12) and (17), respectively) fulfils the condition 
stated by Eq. (1), hence H is (weakly) pseudo-Hermitian; indeed, 




(18) 



r) = ve s íi 
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d n „ P„ ,a Pn ,a-1 

= ^2^2(E no ^2 \u no ,a,i) (u no ,a,i\ + \u no ,a,i + 1} (u no ,a,i\)+ 

uq a—1 i — 1 i—l 

d n+ P„ + ,a 

E Et E \ u n+,a,i) (u n+ ,a,i\ + E n+ \u n _,a,i) (u n _,a,i\)+ 

n + ,n- a=l i=l 

^ {\u n+ ,a,i + l) (u n+ ,a, i| + \u n _,a, i + l) (u n _,a,i|)] = È\ 

i=l 

Finally, posing 77 = Sí)5^ = 5F85S'' I 'Í2 one obtains 



ii) in). If ií is (wcakly) pseudo-Hermitian, the eigenvalues of H are 
either real or come in complcx-conjugate pairs and the geomètric multiplicity 
and the Jordan dimensions of the complex-conjugate eigenvalues coincide (see 
the remark below Theorem 1). Then, one can easily see, recalling the definition 
of the operator U providcd in the proof of Theorem 1 (Eq.(ll)) and Eqs. (10) 
and (17), that 



©5#©5 = UHU. 
Hcnce the antilinear operator 
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Q = Q:gU = UQ$ = 2222 22\u no ,a,i}K(u no ,a,i\ + 

no a—1 i—1 

d n+ Pn+ ,a 

^ X! X! , a, i) Jí' (ï/ti._ , «, *| + \u n _,a,i) K (u n+ ,a,i\) 

n+ ,n_ a—1 ï— 1 

commutes with H. Moreover, íl is involutory, as one can immediately verify 
by using the explícit expression of Í2 in the previous equation. Thcn, it follows 
immediately (recalling Eq. (18) and observing that OgS^ — S^Qg ) that 

Ú = S^ÒS-t = S^UQçSi = S^USiQe (19) 

commutes with H and is involutory. 

Ui) =4> iv). (See Prop. 5 in p|, where an analogous statement has been 
proven, referring to diagonalizable operators) . 

If we denote by L the linear part of Í7, i.e., íl = LK (where K is the complex 
conjugation operator), then Í7 2 = 1 implics LL* = 1 and this is possible if and 
only if an M exists such that L = MM*- 1 ^. Thcn [H, ft] = implies 
HMM*' 1 = MM*- X H*, hence 

M^HM = (M*- 1 H*M*) = {M~ l HM)* . 

iv) => i). Trivially, every operator which assumes a real form in some basis 
03 commutes with the conjugation associated with <B.B 
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Remark. Note that the equivalence i) •<=>• iv) we proven above clearly 
restates precisely a similar (seemingly, more general) result in literature, ac- 
cording to which whenever H commutes with an antiunitary symmetry A such 
that A 2k = 1 (k odd), it is possible to construct a basis in which the matrix 
elements of H are real. |Ï2[ 



5 The Kramers degeneracy 

On the basis of the above-stated theorem (in particular, by the implication 
i) =>■ ii) ) one can conclude that any time-reversal invariant (diagonalizable or 
not) Hamiltonian H must belong to the class of pseudo-Hermitian Hamiltonians. 
The converse does not hold in general, since not always one can intèrpret the 
antilinear symmetry of H as the time-reversal operator T ; furthermore, it is 
well known that in case of fermionic systems 

T 2 = -1 

and the above theorem, whereas it assures the existence of an involutory anti- 
linear symmetry, does not say anything about the existence of a symmetry like 
T. 

In order to go more deeply into the matter, we can now state the following 
Theorem 4. Let H be a linear operator with a discrete spectrum. Then, 
the following conditions are equivalent: 
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i) an antilinear operator 1 exists such that [H,t\ = , with I 2 = — 1; 

ii) H is pseudo-Hermitian and the Jordan blocks associated with any real 
eigenvalue occur in pair [i.e., for any couple E no , a, the number k(no, a) is even 
(see Sec. 2)]. 

Proof. Lct us assume that condition i) holds; then, by Theorem 3, H is 
pseudo-Hermitian, hcncc its cigenvalues are either real or come in complcx- 
conjugate pairs and the geomètric multiplicity and the Jordan dimensions of 
the complex-conjugate eigenvalues coincide (see Theorem 2). 

Let now \ip no ,a, l) be an eigenvector of H; then, l\ip no ,a, l) too is an 
eigenvector of H, corresponding to the same eigenvalue E no , and linearly in- 
dependent from \tp a, l) . (Indeed, assume that T \tp ng7 a, l) = a \ip no , a, l) 
for some a £ C; applying T one gets \ip ,a,l) = — \a\ 2 \ip ,a, l), which is 
impossible.) 

If \ip no , b, l) is another eigenvector of H, linearly independent from \ "4> no , a, l) 
and T \tp no ,a, l), also 1 \ip no ,b, l) is linearly independent from all three; other- 
wise, applying once again T to the relation 

a | V„ , O, 1) + 0% | V„ , O, 1) + 7 | Vno . b ' !) + ^ I <Pn , &, l) = 

we could eliminate, for instance, X|^> , 6, l), thus obtaining a linear depen- 
dence between \%j) nQ ,a, l) , 1 \ij) no ,a, l) and |^ no , b, l), contrary to the previous 
hypothesis. 

We can conclude, iterating this procedure, that the geomètric multiplicity 
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d na of E no must be necessarily even. Moreover, one can always assume that, for 
a suitable choice of the basis vectors, 1 \i[> ,a, l) = \ip no ,a', l) for some a'. 

Let us consider now the subset of vectors { | ip no , a, i) , i = 1, ■ ■■p no .a}· They 
constitute a basis in the subspace associated with the Jordan block J a (E no ); 
then by hypothesis one has 

P n „,a 

^2 a>i\il) no ,a,i) = ^ ai = 0Vi = l,...p nOia . 
Applying 1 to the previous equation, one obtains 

Pn ,a 

a ^l^o' a ' z ) = ° aj = Vi = l,...p„ 0)O , 

í=i 

hence, the vectors {T \tp no ^ a > = l^nç,' a '' > * = 1' •••-Pno.a} too are linearly in- 
dependent, and p„ 0!a = dim J a (£„ ) < p nüt a> = dini J a / (E no ) .On the other 
hand, applying 1 to the basis vectors {T |^> no , a, i)} of the subspace associated 
with J a i (no), one obtains that the dimensions of the two blocks must coincide, 
hence J a (no) and J a > (no) arc idcntical. 

(Alternatively, the same result can be obtained by applying 1 to both mem- 
bers of Eq. (4)). 

Conversely, let condition ii) hold; then H assumes the form 
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<W 2 P»0.o 

# = XI X l En ° ^(|^no' a ' i )(^n > a >*| + |V'„ ,a + ^no,a/2,«>(<?í' no ,a + d„ 0>cí /2,i|) 
no a— 1 ï— 1 

Pn ,o-1 

X (l^no'^O (^ ' a ^ + l· l + l^no^ + ^no.»/ 2 )*) (^«o ' a + d «o,a/ 2 > i + 1 1)] + 

d n+ P»+, 



,n_ a— 1 i— 1 

X (|^n + ' a '*) (0n+>M + l \ + V>„_,<M) > °' * + 1 )]• 



i=l 



Let us denote by T the following antilinear operator: 

/2,i)K(<j> 

no a— 1 i=l 

d n+ 



X] , a, a, í| - i) n+ ,a,i} K^ n _,a,i 

n+ ,n_ a— 1 i— 1 

where the operator K acts transforming each complex number on the right into 
its complex-conjugate. Then, one easily obtains, by inspection, that [H, T] = 
and T 2 = -1. ■ 



(20) 



Recalling that the algebraic multiplicity of any E n is g n — ^2 a =i Pn,a i from 
Theorem 4 in particular it follows that whenever a pseudo-Hermitian operator 
H admits an antilinear symmetry X with X 2 = — 1, both the geomètric and the 
algebraic multiplicity of any real eigenvalue of H is even. 

The above-mentioned theorem generalizes an analogous theorem stated from 
the authors (and referring to diagonalizable pseudo-Hermitian operators)Q, 
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which in turn generalizes from various point of view the Kramers theorem on 
the degeneracy of any fermionic (Hermitian) Hamiltonian. Hence, by an abuse 
of language, we will continue to denote as "Kramers degeneracy" this typical 
feature of real eigenvalues of pseudo- Hermitian operators admitting a symmetry 
like 1. 



6 Concluding remarks 

Basing on Theorem 4, we can quickly test the T-invariance properties of pseudo- 
Hermitian Hamiltonians. Indeed, let us consider for instance the operator 



H eff = 



( \ 

E ir 1 



(E, r, s e R) 



which we already discussed elsewhere || , and which arises in the modified Mash- 
hoon model ]Ï3| ] , where one introduces a (T-violating) spin-rotation coupling to 
explain the muon's anomalous g factor. 

This Hamiltonian (as long as it is diagonalizable) is time-reversal violating 
[^|; however, for some choice of parameter vàlues (for instance, r / s = 0), 
H e ff is no longer diagonalizable. Now, on the basis of Theorem 4 we can 
conclude that also for such vàlues H e ff cannot admit an antilinear symmetry 
% such that T 2 = — 1 (hence, H e ff cannot be T-invariant). In fact, being 
the geomètric multiplicity of its eigenvalue E odd, condition ii) of Theorem 
4 does not hold. We recali however that we obtained the same result by a 
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straightforward calculation P] . 

Finally, we note that in a symmetry-adapted basis {l^n) > 2- IV'n)} ^ ne m atrix 
of any pseudo-Hermitian operator H , satisfying condition ii) of Theorem 4, 
assumes a symplectic form. This property, in the Hermitian case, is often used 
in order to simplify some electronic-structure calculations occurring for instance 
in molecular or solid-state physics. 0] 
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